A family of disjoint closed congruent discs is said to have property T (3) if to every triple of discs there exists a common line transversal. Katchalski and Lewis [10] proved the existence of a constant m disc such that to every family of disjoint closed congruent discs with property T (3) a straight line can be found meeting all but at most m disc of the members of the family. They conjectured that this is true even with m disc = 2. On one hand Bezdek [1] proved m disc ≥ 2 in 1991 and on the other hand Kaiser [9] showed m disc ≤ 12 in a recent paper. The present work is devoted to proving this conjecture showing that m disc ≤ 2.
Introduction
Definitions. Throughout this paper the term disc is used for a solid circle of diameter 1 and the term unit disc for a solid circle of radius 1. D(X ) denotes the closed disc and U (X ) the closed unit disc about X . A line transversal to a family of compact convex domains is a straight line having a non-empty intersection with every member of the family. If a family has a line transversal we also say that this family has property T . A family F of at least k compact convex domains is a T (k)-family, if every k-membered subset of it has property T .
Very likely Vincensini [13] was the first who made efforts to find Helly type results for families of domains using transversals. From his followers we refer here only to Grünbaum [5] who formulated the conjecture below concerning families of pairwise disjoint translates of a compact convex domain:
Conjecture G. In a family F of pairwise disjoint translates of a compact convex set S in the plane T (5) ⇒ T.
Remark. Theorems 1 and B imply that m disc = 2 is the smallest value for which T (3) ⇒ T − m disc . This result and Theorem H together show that while the smallest possible number m does not depend on the size of the (finite) family it does depend on the shape of the translates. Since in a sense the discs are the roundest and the squares the least round convex figures of central symmetry it can be expected that for every "shape-dependent m s " the inequality 2 ≤ m s ≤ 4 generally holds. It is an additional open question whether there exist compact convex figures for which m = 3 is best.
For more information on transversal problems the reader is advised to consult the survey papers by Eckhoff [3] , Goodman et al. [4] and Wenger [14] .
Preparation
Definition. A transversal strip of a family of discs is a closed (parallel) strip intersecting all members of the family and the transversal width of a family is the infimum of the width of its transversal strips. For each finite family of discs a transversal strip of minimal width also exists.
Definitions. The sheaf belonging to the two disjoint discs D(X ) and D(Y )
is the union of all straight lines intersecting both discs. This is a simply connected unbounded domain the boundary of which consists of parts of the four lines tangent to both discs. It is denoted by (X, Y ) ( Fig. 2.1(a) ). Clearly, a third disc has a common transversal with D(X ) and D(Y ) iff it is intersecting the sheaf (X, Y ). The outer parallel domain of radius 1 2 of sheaf (X, Y ), which is the locus of the centers of the discs intersecting (X, Y ), is called the center sheaf belonging to X and Y and is denoted by c (X, Y ). Two of the (at most) six lines generating the boundary of the center sheaf c (X, Y ) are non-separating tangent lines to both unit discs U (X ) and U (Y ) and the four other lines are tangent to one of the two unit discs and pass through the center of the other one (see Fig. 2.1(b) ). Definition. The generalized center sheaf belonging to two orthogonal segments also play an important role in some parts of the proof ( Fig. 2.1(c) ). This is the union of all center sheaves belonging to the pairs of discs, one of them centered in the first segment and the other centered in the second one.
denotes the generalized center sheaf belonging to the segments X ∈ X 1 X 2 and Y ∈ Y 1 Y 2 , where X 1 X 2 and Y 1 Y 2 denote the segments on the x-and y-axis connecting X 1 and X 2 and Y 1 and Y 2 , respectively. The generalized center sheaf is a domain bounded by parts of at most six straight lines-like in the case of the common center sheaf, however, the generalized center sheaf is usually not symmetric. Throughout the paper σ denotes a (not necessarily unique) narrowest transversal strip of F and w denotes the width of σ . We assume that σ is horizontal. Strip σ + is the outer parallel domain of radius 1 2 of strip σ . This is the narrowest strip covering all centers of F and its width is 1 + w.
As Tverberg points out the nature of the problem allows us to assume that the discs are in "general position". For the inflation and perturbation technique he uses see [11] ).
It will be assumed that (i) no three discs have a common tangent line, (ii) no three centers form the vertices of a right-angled triangle, (iii) no pair of discs have a common tangent line at angle β or −β to the Cartesian x-axis, where β = arccos(1/(2.34)) = 1.129236 . . . .
As σ + is a narrowest strip, (ii) implies that there exist three centers on the boundary of the strip such that two centers, B and C, are lying on one of the boundary lines and are strictly separated from each other by the vertical line through the third center, A, lying on the other boundary. These are the basic centers of the family. In a properly chosen coordinate system these points are A(0, a), B(b, 0) and C(c, 0), a < −1, b > 0 and c < 0. The strip bounded by the x-axis and line y = −w will be denoted by σ * .
Remarks. By these assumptions the investigation of several limiting configurations can be skipped. Assumption (i) has, e.g. the convenient consequence that any weakly separated set of discs is also strictly separated. The proof of Theorem 1 is constructive. Since it follows different lines for families of small and large transversal width we discuss these cases separately. In every case a candidate transversal line is defined and it is proved that this particular line intersects all but at most two discs of the family. The method followed below can be easily extended to families of slightly overlapping discs or to shapes slightly different from a disc.
Definition. The discs not met by the candidate transversal line are called exceptional discs and their centers exceptional centers.
We cite without proof the following well-known fact: Lemma 2.1. Three pairwise disjoint closed discs have no line transversal iff each disc can be strictly separated from the union of the other discs.
Proof of Theorem 1 for w
The transversal width w of F cannot be arbitrary large. By a recent result of the author [6] we have:
Then the transversal width of F is w < 0.65. By Lemma 3.1 it is enough to show in this section that whenever w ∈ [0.17, 0.65] holds the number n ex of the exceptional centers is at most 2.
No Exceptional Center Exists in Strip σ
* between B and C
The disjointness hypothesis on the discs implies b−c ≥ 1 and b ≤ −c implies c ≤ −0.5. The horizontal line y = a + 0.5, the upper tangent of the disc centered at A, will be our candidate transversal line for families with "large" transversal width, i.e. for w ≥ 0.17. Let
P( p, 0) and P − (− p, 0) are two points such that the line parallel to λ(AP) and passing through the origin is tangent to D(P), D(P − ) and D(A) (Fig. 3.1 ). It can be assumed that
Clearly, p is a decreasing function of w which attains its maximum in each interval for the smallest value of w. Thus (Fig. 3.1 ). The proof of Proposition 3.2 is left to the reader. This proposition yields the maximum
intersection of λ (U (B), A) and λ (U (A), U (B)) is below the x-axis
As the distance of any two centers is at least 1 the length of the projection on the x-axis of a section connecting two centers lying in σ * is at least 
No Exceptional Center Exists in the Rest of Strip
is covering all exceptional centers. Next we establish First a method, using Kaiser's idea [9] in proving m disc ≤ 12, will be applied and a candidate transversal line defined. It will be proved that this particular line avoids at most two of the discs. The possibility of an assumed counterexample to this claim will be gradually excluded.
The Candidate Transversal Line
Let (Fig. 4.1) .
The part strictly to the left of λ i (strictly to the right of λ Proof. Assume that there exist two centers G and G contradicting the claim of the 
Corollary 4.2. There exists
and all exceptional centers lie in domain Q(α * ).
From now on λ + (α * ) will be the candidate transversal line and the number of the exceptional discs (the discs of the family not met by this line) will be denoted again by n ex . It will be shown that n ex ≤ 2, i.e. Q(α * ) contains at most two centers. Observe that α * need not be unique. The support lines for which (4.1) holds are called balancing support lines. The set of angles of the balancing support lines is the non-empty intersection of two closed intervals, either a whole closed interval or just a single value. Without loss of the generality we can assume that α * ≥ 0.
Basic Center A and the Candidate Transversal Line Are in Close Relation
Our claim is Proof. Select a balancing support line. Contrary to the claim of the proposition suppose that none of the support lines through A ≡ A 0 is balancing. Then the angle α * of the selected balancing support line must be greater than α 0,1 , the angle of the x-axis and λ (A 0 A 1 ) . This balancing support line is tangent to H at A i for some i = i * ≥ 1. As n left (α * ) = 0-by the monotonicity property-n left (α 0,1 ) = 0 also holds. We can assume that
as n right (α 0,1 ) = 0 would imply that λ(α 0,1 ) is a balancing support line. Let α 1 be the angle of the upper tangent of U (A 0 ) going through the point of intersection of λ r 0 and line y = 0.17 − w (Fig. 4.2) . (Observe that α 1 does not depend on w.) We have 
The Candidate Transversal Line (in the Assumed Counterexample) Is Tangent to Two Discs
The case that i = 0, j = 0, when line λ(α * ) is passing through the single vertex A 0 , can be excluded as the inequality n ex ≤ 2 follows immediately from 
Clearly, Q(α) is part of pentagon P 1 P 2 P 3 P 4 P 5 for any admitted α, however, line x = −0.3 cuts this pentagon into two parts, each of diameter smaller than 1 (Fig. 4.3 Consequently, it will be assumed that α * < 0.25. First we show Consider point F((1 + w) √ t 2 − 1, 0), t > 1, and line λ parallel to λ(A 0 F) and tangent to U (A 0 ) from above ( Fig. 4.5) . The horizontal distance of F and λ is t. Since 
Bounds on the Position of the Further Exceptional Centers
To get the contradiction a lower bound will be derived for x 1 -the x-coordinate for A 1 -then upper bounds for c − x 1 and x 1 − c . Let
g(t) = 4t 2 − 1 − t and h(t) = t − g(t). (4.7)
g(t) is one-half of the distance of two vertices on the same boundary component of a center sheaf of two discs if the distance of the defining centers is 2t ≥ 2/ √ 3 (Figs. 4.6 and 4.7). Easily, g(t) is increasing and h(t) is decreasing in terms of t. Let V 0 and V 1 denote the points of intersection of the lower tangent of U (C) and U (C ) with λ r (U (C), C ) and λ (C, U (C )), respectively, and let V 1 be the orthogonal projection of V 1 on λ(CC ) (Fig. 4.6 ).
The following proposition holds. 
